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a b s t r a c t
In this work, the option pricing Black–Scholes model with dividend yield is investigated
via Lie symmetry analysis. As a result, the complete Lie symmetry group and infinitesimal
generators of the one-dimensional Black–Scholes equation are derived. On the basis of
these infinitesimal generators, the similarity variables and newly explicit solutions of the
Black–Scholes equation are obtained by solving the corresponding characteristic equations.
Finally, figures for an explicit solution with different dividend yields are presented to
demonstrate the novel properties.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
It is known that an option lets the contract holder make the decision as regards whether or not to execute the final
transaction. A call option gives the holder the right to purchase the asset (from the counterparty) on date T for price K ,
and a put option gives the holder the right to sell the asset on date T for price K . For a call option, the payoff is thus
W (xT ) = max {xT − K , 0}, since the option holder will choose to exercise only if the market price x is greater than K ;
the option holder can then turn around and sell the asset, pocketing a profit of x − K . Similarly, the payoff of a put option
isW (xT ) = max {K − xT , 0}. In both cases, the option holder has the possibility of profit with no chance of loss; the option
holder must therefore pay something to acquire the contract. If one believes an asset will rise in price, then one may buy a
call option to capture a very large potential gain with a small investment. However, if one’s belief is wrong then one may
very easily lose one’s entire option investment.
The surprising fact is that, under suitable assumptions about the statistics of the asset price motion, the risk can be
eliminated by following a suitable hedging strategy. The value of the option is then uniquely determined. Again, the value
is obtained by computing an expectation, which can be carried out by solving a linear partial differential equation (PDE).
This investigation is a modern analysis of option pricing, which began with the work of Black and Scholes [1] and
Merton [2] in the early 1970s. The resulting model, often called the Black–Scholes model, culminated in a linear PDE whose
solution gives the fair price of a contingent claim. This finally led to the development of large options exchanges and to the
1997 Nobel Memorial Prize for Merton and Scholes.
Once a pricing equation has been obtained, the next question is how to solve it. There are two ways to solve the option
pricing problems: analytical approaches [3–14] and numerical methods [15,16]. In recent years, an increasing number of
papers have been published concerning the use of symmetry analysis for the differential equations. For example, Bordag,
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Chmakova, Lo, Hui, Gazizov and Ibragimov [3–6] have studied the Lie symmetries of Black–Scholes models of some special
types.
The connection between the integrability properties of differential equations and their underlying symmetry groups and
algebras goes back to the concept of invariance introduced by Sophus Lie [17]. An extensive literature on the subject already
exists. Given a system of differential equations, finding the full symmetry group [18,19] which leaves it invariant is often
much more difficult than solving the original system itself. In practice, one cannot use such considerations to investigate
a given system. On the other hand, the situation becomes considerably simpler when one applies infinitesimal invariance
criteria to a differential equation. Finding the infinitesimal generators then reduces to solving a set of linear PDEs. This
overdetermined system of PDEs can generally be solved in closed form. Consequently, one can construct the symmetries
of the PDEs explicitly. One could use these symmetries to construct new solutions from the known ones. It is also possible
to utilize these symmetries to introduce new dependent and independent variables, called similarity variables. These new
variables, in turn, can be used to reduce the number of independent variables. For instance, a (1+ 1)-dimensional PDE can
be reduced to an ordinary differential equation.
In this work, we continue to investigate the Lie symmetry aspects of the Black–Scholes equation with dividend yield
to derive its newly explicit solutions. The organization of this work is as follows. In Section 2, the complete Lie symmetry
group and infinitesimal generators of the Black–Scholes equation are derived. In Section 3, the similarity variables and newly
explicit solutions of the Black–Scholes equation are obtained by using the infinitesimal generators. Figures showing the
newly explicit solution with different dividend yields are also plotted. The conclusions are stated in Section 4.
2. Lie symmetry analysis
In what follows, we assume that u(x, t) represents the value of a put option contract on a dividend-paying equity at time
t which expires at time horizon T with t < T . Denote by K the strike price in the contract and by x > 0 the equity’s price at
time t . Then it is well known [3] that the option price process u(x, t) satisfies the Black–Scholes equation [1,2]
F = ∂
∂t
u(x, t)+ 1
2
σ 2x2
∂2
∂x2
u(x, t)+ (r − d)x ∂
∂x
u(x, t)− ru(x, t) = 0, (1)
where r is the risk-free rate, d is the dividend yield, and σ is the volatility.
For both European and American put options, there is a far-field boundary condition
lim
x→+∞ u(x, t) = 0,
which simply states that a put option becomes worthless when the price of the underlying asset becomes very large. In
addition, the value of a put option must be equal to its payoff function, setting up the terminal condition
u(x, T ) = W (xT ) = max {K − xT , 0} ,
where T is the expiration time of the option.
Following the Lie symmetry theory, the construction of the symmetry group is equivalent to determination of its
infinitesimal transformation [18,19]
V = ξ ∂
∂x
+ τ ∂
∂t
+ φ ∂
∂u
, (2)
with ξ, τ and φ being functions of the variables (x, t, u). So the second prolongation pr (2)V is
pr (2)V = ξ ∂
∂x
+ τ ∂
∂t
+ φ ∂
∂u
+ φx ∂
∂ux
+ φt ∂
∂ut
+ φxx ∂
∂uxx
+ φxt ∂
∂uxt
+ φtt ∂
∂utt
.
The invariance condition pr (2)VF |F=0 = 0 is just
ξ

σ 2xuxx + (r − d)ux
− rφ + (r − d)xφx + φt + 1
2
σ 2x2φxx

F=0
= 0, (3)
where
φJ = DJ (φ − ξux − τut)+ ξuJx + τuJt , J = {x, xx} , (4)
with ‘‘D’’ a total derivative, i.e.
Dx(P) = ∂
∂x
P + ux ∂
∂u
P + uxx ∂
∂ux
P + uxt ∂
∂ut
P + uxxx ∂
∂uxx
P + · · · .
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Substituting (4) into (3), eliminating the quantities ut by means of (1), and setting to zero all the coefficients of the
independent terms of the polynomial of u and its partial derivatives, we obtain an overdetermined set of equations for the
unknown functions ξ, τ , φ. Solving the determinant equations, we then obtain
ξ = 1
2
x

(c1t + c2) ln (x)+

g1c2 + 2 σ 2c5

t + 2 c6

, τ = 1
2
c1t2 + c2t + c3, (5)
φ = u
16σ 2

4 c1 ln2 (x)+

16 σ 2c5 − 8 g1c1t

ln (x)+ 4 c1g2t2 + 16 g3σ 2t + 16 σ 2c4
+ ψ (x, t) ,
where g1 = r−d− σ 22 , g2 = σ
4
4 + (d+ r) σ 2+ (r − d)2, g3 = σ
2
2 c5− c14 + (c2 − c5) r+dc5, c1, c2, c3, c4, c5, c6 are arbitrary
constants, ψ (x, t) being an arbitrary solution of Eq. (1) satisfying
∂
∂t
ψ(x, t)+ 1
2
σ 2x2
∂2
∂x2
ψ(x, t)+ (r − d)x ∂
∂x
ψ(x, t)− rψ(x, t) = 0. (6)
The presence of these arbitrary constants leads to an infinite-dimensional Lie algebra of symmetries. The general elements
of this algebra are written as
V1 = ∂
∂t
, V2 = x ∂
∂x
,
V3 = σ 2tx ∂
∂x
+ [ln (x)− g1t] u ∂
∂u
,
V4 = t ∂
∂t
+ 1
2
x [ln (x)+ g1t] ∂
∂x
+ rtu ∂
∂u
, (7)
V5 = 12 t
2 ∂
∂t
+ 1
2
xt ln (x)
∂
∂x
+ u
4σ 2

ln2 (x)− 2 g1t ln (x)+ g2t2 − σ 2t
 ∂
∂u
,
V6 = u ∂
∂u
, V7 = ψ(x, t) ∂
∂u
.
Let us now consider a point transformation G : (t, x, u) → (t∗, x∗, u∗) with u∗(x∗, t∗) a solution of ∂
∂t∗ u
∗(x∗, t∗) +
1
2σ
2x∗2 ∂
2
∂x∗2 u
∗(x∗, t∗) + (r − d)x∗ ∂
∂x∗ u
∗(x∗, t∗) − ru∗(x∗, t∗) = 0. On the basis of the seven vector elements in (7), solving
the following system of ordinary differential equations with initial condition:
dx∗
dϵ
= ξ(x∗, t∗, u∗), dt
∗
dϵ
= τ(x∗, t∗, u∗), du
∗
dϵ
= φ(x∗, t∗, u∗),
x∗|ϵ=0 = x, t∗|ϵ=0 = t, u∗|ϵ=0 = u,
we have the corresponding seven one-parameter groups of symmetries for Eq. (1)
G1 : (t, x, u)→ (t + ϵ1, x, u)
G2 : (t, x, u)→ (t, xeϵ2 , u)
G3 : (t, x, u)→

t, xeσ
2ϵ3t , ue
ln2(xeσ
2tϵ3 )−2g1t2ϵ3 σ2−ln2(x)
2σ2t

G4 : (t, x, u)→

teϵ4 , xe
1
2 ϵ4 eg1te
1
2 ϵ4 (e1/2 ϵ4−1), uert(e
ϵ4−1)

G5 : (t, x, u)→

2 t
2− ϵ5 t , e
2 ln(x)
2−ϵ5 t ,

ϵ5t
2
− 1ue
2 g1 t ln(x)ϵ5−g2 t2ϵ5−ln2(x)ϵ5
2σ2(ϵ5 t−2)

G6 : (t, x, u)→ (t, x, eϵ6u)
G7 : (t, x, u)→ (t, x, u+ ϵ7ψ(x, t)),
with ϵj, j = 1, 2, . . . , 7, being arbitrary constants.
3. Symmetry reduction and newly explicit solutions
After determining the infinitesimal generators, the similarity variables and newly explicit solutions for Eq. (1) will be
found by solving the characteristic equations. To do this, let us first review the following well-known theorem [18].
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Theorem. For a given partial differential equation F (x, t, u, ux, ut , uxx, . . .) = 0with u = u (x, t) a solution, if the infinitesimal
generator is
v = ξ ∂
∂x
+ τ ∂
∂t
+ φ ∂
∂u
then the solution u = u (x, t) satisfies
ξ
∂
∂x
u+ τ ∂
∂t
u− φ = 0. (8)
In what follows, we derive symmetry reductions of four types, and newly explicit solutions of Eq. (1) using this theorem
and the infinitesimal generators in Eq. (7).
Case 1. We first consider the nontrivial infinitesimal generator V1+V2+V6. After solving the characteristic equation (8),
we obtain the similarity solutions of the first type:
u = xU [t − ln (x)] , (9)
where the similarity function U = U [t − ln (x)] satisfies the similarity reduction equation
σ 2UXX −

σ 2 − 2+ 2 r − 2 dUX − 2 dU = 0, (10)
with X = t − ln (x). Solving this similarity reduction equation, we derive the explicitly exact solution of the Black–Scholes
equation (1) as
u = x

c1e
(σ2−2+2 r−2 d+√g0)(t−ln(x))
2σ2 + c2e
(σ2−2+2 r−2 d−√g0)(t−ln(x))
2σ2

(11)
where c1, c2 are constants and g0 = 4− 8 r + 8 d+ σ 2

σ 2 + 4 r + 4 d− 4+ 4 (r − d)2 .
Case 2. When considering the nontrivial infinitesimal generator V3, we obtain the similarity solutions of the second type:
u = U (t) e ln
2(x)
2σ2t x−
g1
σ2 , (12)
where the similarity function U = U(t) satisfies the similarity reduction equation
Ut + U2t −
g12U
2σ 2
− rU = 0. (13)
Solving this reduction equation, we derive the explicitly exact solution of the Black–Scholes equation (1) as
u = c1√
t
e
ln2(x)
2σ2t x−
g1
σ2 e
t
8σ2
(4 d2−8 dr+4 dσ 2+4 r2+4 rσ 2+σ 4)
. (14)
Case 3. When considering the nontrivial infinitesimal generator V4, we obtain the similarity solutions of the third type:
u = ertU
[
g1 t − ln (x)√
t
]
, (15)
where the similarity function U = U[ g1 t−ln(x)√
t
] satisfies the reduction equation
σ 2UXX − XUX = 0, (16)
with X = g1 t−ln(x)√
t
. Solving this reduction equation, we obtain the explicitly exact solution of the Black–Scholes equation
(1) as
u = ert

c1 + erf

i
√
2 (g1 t − ln (x))
2σ
√
t
t

c2

, (17)
with c1, c2 being constants and erf(s) = 2√π
 s
0 e
−τ2dτ an error function.
Case 4. When considering the nontrivial infinitesimal generator V5, we obtain the similarity solutions of the fourth type:
u = 1√
ln (x)
x
ln2(x)−2 g1 t ln(x)+g2 t2
2 ln(x)σ2t U
[
t
ln (x)
]
, (18)
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Fig. 1. Option price as a function of strike price x for dividend yield d = 0.1, the time to expiration of the option being T = 13, 14, 15 and 16 (years),
respectively.
Fig. 2. Option price as a function of strike price x for dividend yield d = 0.2, the time to expiration of the option being T = 13, 14, 15 and 16 (years),
respectively.
where the similarity function U = U[ tln(x) ] satisfies the reduction equation
3U + 12 XUX + 4 X2UXX = 0, (19)
with X = tln(x) . Solving this reduction equation, we obtain the explicitly exact solution of the Black–Scholes equation (1) as
u = c1 ln (x)+ c2t
t
√
t
e
ln2(x)−2 g1 t ln(x)+g2 t2
2σ2t . (20)
It is interesting to analyze the above explicit solutions using the corresponding figures. In the following, we take the
newly explicit solution (14) as an example. The parameters that we choose are
⋆ risk-free interest rate r = 0.90,
⋆ volatility σ = 0.80,
⋆ parameter c1 = 1× 10−5,
⋆ time to expiration T = 13, 14, 15 and 16 (years).
In Fig. 1, the dividend yield is chosen to be d = 0.1 with expiration time T = 13, 14, 15 and 16 (years). The dividend
yields in Figs. 2 and 3 are d = 0.2 and d = 0.3, respectively. It is observed that the curves of the option price are smooth
and monotonically decreasing with respect to strike price x. It is also seen that the option price decreases as the dividend
yield increases.
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Fig. 3. Option price as a function of strike price x for dividend yield d = 0.3, the time to expiration of the option being T = 13, 14, 15 and 16 (years),
respectively.
4. Conclusion
In conclusion, the complete Lie symmetry group and four newly explicit solutions of the option pricing Black–Scholes
equation are proposed. The properties of the newly explicit solutions are analyzed by plotting the corresponding figures. It
is shown that the option price is a smooth and monotonically decreasing function of the strike price x, and decreases as the
dividend yield increases. In the future, we will investigate the nonlinear Black–Scholes partial differential equation arising
in a series of works of Frey [20,21] by using the analytical and numerical methods given in [22–24].
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